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Abstract
The history of the discovery of bosonic string theory is well documented.
This theory evolved as an attempt to nd a multidimensional analogue of Eu-
ler’s beta function to describe the multiparticle Veneziano amplitudes. Such an
analogue had in fact been known in mathematics at least in 1922. Its mathemat-
ical meaning was studied subsequently from dierent angles by mathematicians
such as Selberg, Weil and Deligne among others. The mathematical interpre-
tation of this multidimensional beta function that was developed subsequently
is markedly dierent from that described in physics literature. This work aims
to bridge the gap between the mathematical and physical treatments. Using
some results of recent publications (e.g. J.Geom.Phys.38 (2001) 81 ; ibid 43
(2002) 45) new topological, algebro-geometric, number-theoretic and combina-
torial treatment of the multiparticle Veneziano amplitudes is developed. As
a result, an entirely new physical meaning of these amplitudes is emerging:
they are periods of dierential forms associated with homology cycles on Fer-
mat (hyper)surfaces. Such (hyper)surfaces are considered as complex projective
varieties of Hodge type. Although the computational formalism developed in
this work resembles that used in mirror symmetry calculations, many additional
results from mathematics are used along with their suitable physical interpre-
tation. For instance, the Hodge spectrum of the Fermat (hyper)surfaces is in
one-to-one correspondence with the possible spectrum of particle masses. The
formalism also allows us to obtain correlation functions of both conformal eld
theory and particle physics using the same type of the Picard-Fuchs equations
whose solutions are being interpreted in terms of periods.
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1.1 Some properties of Veneziano and Virasoro ampli-
tudes
In 1968 Veneziano [1] had postulated 4-particle scattering amplitude A(s, t, u)
given (up to a common constant factor) by
A(s, t, u) = V (s, t) + V (s, u) + V (t, u) (1.1)
where
V (s, t) =
1∫
0
x−α(s)−1(1− x)−α(t)−1dx  B(−α(s),−α(t)) (1.2)
is Euler’s beta function and α(x) is the Regge trajectory usually written as
α(x) = α(0) + α0x with α(0) and α0 being the Regge slope and the intercept,
respectively. In case of Lorentzian metric with signature f+,−,−,−g the Man-
delstam variables s, t and u entering the Regge trajectory are given by [2]
s = (p1 + q1)2, 1.3 (1)
t = (p1 − p2)2,
u = (p1 − q2)2.
The 4-momenta pi and qi are constrained by the energy-momentum conserva-
tion p1 + q1 = p2 + q2 leading to relation between the Mandelstam variables:




Already Veneziano [1] had noticed2 that to t the experimental data the Regge
trajectories should obey the constraint
α(s) + α(t) + α(u) = −1 (1.5)
consistent with Eq.(1.4). He also noticed that the amplitude A(s, t, u) can be
equivalently rewritten with help of this constraint as follows
A(s, t, u) = Γ(−α(s))Γ(−α(t))Γ(−α(u))[sin pi(−α(s)) + sinpi(−α(t)) + sin pi(−α(u))].
(1.6)
2To get our Eq.(1.5) from Eq.7 of Veneziano paper, it is sufficient to notice that his 1−α(s)
corresponds to ours -α(s).
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This result looks strikingly similar to that suggested a bit later by Virasoro [3].
Up to a constant it is given by
A(s, t, u) = Γ(a)Γ(b)Γ(c)Γ(a + b)Γ(b + c)Γ(c + a) (1.7)
with a = −12α(s),etc. also subjected to the constraint:
12 (α(s) + α(t) + α(u)) = −1. (1.8)
Use of the formulas
Γ(x)Γ(1 − x) = pi sin pix (1.9)
and
4 sinx sin y sin z = sin(x + y − z) + sin(y + z − x) + sin(z + x− y)− sin(x + y + z)
(1.10)
permits us to rewrite Eq.(1.7) in the alternative form (up to unimportant con-
stant):
A(s, t, u) = [Γ(−12α(s))Γ(−12α(t))Γ(−12α(u))]2  1.11 (2)
[sin pi(−12α(s)) + sin pi(−12α(t)) + sin pi(−12α(u))].
Although these two amplitudes look deceptively similar, mathematically, they
are markedly dierent. Indeed, by using Eq.(1.6) conveniently rewritten as
A(a, b, c) = Γ(a)Γ(b)Γ(c)[sin pia + sin pib + sin pic] (1.12)
and exploiting the identity
cospiz2 = piz21−z1Γ(z)ζ(1− z)ζ(z) (1.13)
after some trigonometric calculations the following result is obtained:
A(a, b, c) = ζ(1 − a)ζ(a)ζ(1− b)ζ(b)ζ(1 − c)ζ(c), (1.14)
provided that
a + b + c = 1. (1.15)
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For the Virasoro amplitude, apparently, no result like Eq.(1.14) can be obtained.
The dierences between the Veneziano and the Virasoro amplitudes are much
more profound as the rest of this paper demonstrates.
The result, Eq.(1.14), is remarkable in the sense that it allows us to interpret
the Veneziano amplitude from the point of view of number theory, the theory
of dynamical systems, etc. Such interpretation is presented in some detail in
Section 3.1.while Section 2 provides the necessary mathematical background.
Moreover, in our previous work, Ref. [4], the following partition function
describing (train track) dynamics of 2+1 gravity was obtained
Z(β) = ζ(β − 1)ζ(β). (1.16a)
This function is meant to describe a dynamical transition from the pseudo
Anosov (Appendix B) to the Seifert bered dynamical regime controlled by
the temperature-like parameter β. The exact physical nature of the parameter
β was left unexplained. The train tracks "live" on the surface of the punctured
torus-the simplest surface of negative Euler characteristic on which they can
"live" [5]. Normally, torus without puncture(s) can be foliated by vector elds
without singularities. The punctured torus (via Schottky double construction)
can be converted into a double torus, that is into the Riemann surface of genus
2. If one tries to foliate such surface with some line eld (not to be confused
with the vector eld [6]), one can easily discover that singularities of such eld
will occur inevitably. The number of singularities is controlled by the Poincare-
Hopf index theorem3. Foliations with singularities are known as pseudo Anosov
(Appendix B) type. For the punctured torus only 2 singularities are allowed and
their scattering on each other is very much like that which the Veneziano ampli-
tude is describing. The Mandelstam variables s, t, u can be used in the present
case as well thus replacing our dynamical zeta function, Eq.(1.16a), with the
product of zeta functions, i.e. with the Veneziano amplitude, Eq.(1.14). Such
replacement is not complete however since our dynamical zeta function has
"wrong" argument: β − 1, in the numerator of Eq.(1.16a), instead of 1 − β.
Fortunately, this deciency is easy to correct if we recall the presentation of





1− p−β1− p1−β , (1.16b)
where the product is taken over all prime numbers. Such presentation invokes
immediately connections with the p-adic string theory to be described below.
For now, however, we still need to make several observations. To begin, let us
3It is possible to have different sets of singularities as long as their total index remains the
same [5,6]
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introduce the p-adic analogue of zeta function, in particular,
ζp(β − 1) = 11− p1−β ,
to be reobtained in Section 2, Eq.(2.15). We can equivalently present it as
ζp(β − 1) = −1p1−β11− pβ−1 = (−1)pβ−1ζp(1− β). (1.17)
It should be clear from Eq.(1.17) that ζp(β − 1) has the same pole as ζp(1− β)
and, hence, the Veneziano amplitude, Eq.(1.14), is obtainable from dynamics of
2+1 gravity and, therefore, from the full Einsteinian gravity. Such arguments,
although plausible, not quite rigorous yet. Indeed, in the case of the open string
the world sheet is the Poincare upper half plane (or, equivalently, the open
disc). The incoming/outgoing particles are represented as "insertions on the
boundary" in terminology of Ref.[7], page 46, or as cusps in mathematical ter-
minology. In the case of 4-particle Veneziano amplitude there are 4 "insertions
on the boundary". But, as Fig.3 of our work on dynamics of train tracks, Ref.[4],
indicates, in the case of the punctured torus there are in the simplest case also 4
insertions at the boundary. Moreover, the open disc Poincare model is not the
model of the world sheet in the case of 2+1 gravity. It is used for the description
of the dynamics of simplest train tracks. This dynamics is taking place in the
Teichmu¨ller space of the punctured torus which is just the open Poincare disc
[8]. It can be shown [9], that the Teichmu¨ller space of the punctured torus is the
same as that of the 4 times punctured sphere (considered to be the world sheet
for the closed string theory, Ref.[7], page 35). Hence, already at the tree level in
string theory the description of physical processes actually takes place not in real
but in the Teichmu¨ller space. And, of course, mathematically rigorous study
of the dynamics of train tracks indicates that, indeed, such dynamics is taking
place in the Teichmu¨ller space. The above picture, perhaps, can be generalized
to surfaces of genus higher than one4. In this paper, however, no attempts are
made to do this in view of the fact that there is much more mathematically
elegant and ecient way to accomplish the task. Before discussing details of
this other way, we would like to make several comments regarding connections
of the result, Eq.(1.14), with the p-adic string theory.
1.2 Connections with the p-adic string theory
Eq.(1.14) was used implicitly (but essentially) in the p-adic string theory as can
be seen from the review by Bekke and Freund, Ref.[11], and is discussed below.
4And, indeed, in a series of papers by Takhtajan et al (e.g see [10] for the latest paper
and references therein) a serious attempt has been made to accomplish this task. To our
knowledge, the multiparticle Veneziano amplitudes have not been reobtained thus far in these
papers.
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